In other words, we seek to increase the output and reduce the input simultaneously by the proportion β. For example, if β equals 10%, we expand all outputs by 10%, while at the same time reducing all inputs by 10%.
Under the standard assumptions of convexity and free disposability of inputs and outputs, the production possibility set constructed from a set of N observed input-output bundles 
This is a straightforward LP problem and can be solved quite easily. The factor β is the NerloveLuenberger measure of technical inefficiency of the firm. By implication, its efficiency equals (1-β).
Debreu-Farrell and Nerlove-Luenberger Super-efficiency Measures
The standard DEA models -both the CCR model for CRS and the BCC model for VRS -provide measures of technical efficiency of a firm relative to the others within the same sample. Firms that are found to be technically inefficient can be ranked in order of their measured levels of efficiency. Firms that are found to be efficient are, however, all ranked equally by this criterion. Andersen and Petersen (1993) suggest a criterion that permits one to rank order firms that all found to be at 100% technical efficiency by DEA. The underlying idea behind this criterion is quite simple. Consider the single-input, single-output case. Suppose that a firm with input-output ) , ( 0 0 y x has been found to be technically efficient in an output-oriented DEA problem. Obviously, if its output had been any larger than 0 y it would have remained efficient. But a small reduction in its output will not necessarily lower its technical efficiency rating from 100%. In that sense, this firm may allow some deterioration in its performance without becoming inefficient. In other words, its observed output exceeds what is necessary for this firm to be considered efficient relative to other firms in the sample. In that case, the firm may be regarded as super-efficient.
Naturally, between two firms both of which are technically efficient, the one with a greater room for reducing its output without becoming inefficient is, in a sense, more super-efficient than the other. 
The directional distance function for firm k with reference to the modified production possibility set is
The relevant DEA model for computing the Nerlove-Luenberger super-efficiency of firm k is:
implying that the output bundle of the firm has to be scaled down while its input bundle is scaled up in order to get an attainable input-output bundle in the modified production possibility set. Between two firms both Nerlove-Luenberger super-efficient, the one with a lower (i.e., more pronouncedly negative) value of β is ranked higher in terms of super-efficiency.
The Problem of Infeasibility in Super-efficiency Models
It is apparent that this super-efficiency DEA problem in (6) 
1 λ λ one must set β at a value lower than -1 (i.e., more than double the input bundle x k ). But in the process the output bundle is rendered negative. Although, the relative magnitude of the optimal β, whether positive or negative, remains a valid criterion for ranking firms in terms of their super-efficiency, a negative output bundle at the efficient projection of (x k , y k ) creates a conceptual problem.
The other case is one where at least one element of the input bundle of firm k is 0 and all other firms in the sample use strictly positive quantities of that input. For every β (whether positive negative, or zero) the corresponding element of the bundle (1-β)x k remains zero and the relevant input constraint in the problem (7) remains infeasible.
For reasons explained below, the method proposed by LR, by contrast, always yields a feasible solution of the relevant LP problem. This is true even when the firm under review is the only one in the sample with a 0 input of any factor. This, however, is a mere artifact of the way the model is constructed and the resulting super-efficiency measure has no economic meaning. Moreover, even though it does provide a super-efficiency measure of each firm, the problematic firms are all tied at the top.
The Lovell-Rouse Method:
Consider again the output-oriented DEA problem for Debreu-Farrell super-efficiency in (6) There are two problems with this approach, however. First, whenever for any firmφ equals unity, its output-oriented Debreu-Shephard super-efficiency equals . 1 δ Similarly, whenever θ equals unity, the corresponding input-oriented super-efficiency equals α. Thus, this approach fails to provide a ranking of these strongly super-efficient firms. Secondly, and just as important, the super-efficiency measure is entirely determined by the arbitrarily chosen value of δ or α and has no meaningful economic interpretation.
A Comparison of the Two Approaches:
We use the following data from Seiford and Zhu (19978;  The various super-efficiency measures for the firms shown in Table 1 are reported below in Table 2 . The column identified as Super-E I shows the input-oriented Debreu-Shephard super-efficiency measures of the individual firms. Firms D1, D2, D6, and D10 are super-efficient whereas firm D8 without a feasible solution for the conventional input-oriented super-efficiency DEA problem is strongly super-efficient.
MSuper-E I shows the modified input-oriented super-efficiency obtained from the solution of problem (11).
For this problem, we set α equal to 6. Note that, for the strong super-efficient firm D8, this measure equals 6. Super-E O shows the conventional super-efficiency measures of the same 10 firms. Three firms, D1, D8, and D10 are super-efficient while firms D2 and D6 without feasible solutions for the conventional outputoriented super-efficiency DEA problem are strongly efficient. Both of these firms are assigned an outputoriented super-efficiency value 11 (equal to the inverse of the value chosen for δ) in the column showing the modified super-efficiency (MSuper-E O ). Finally, NL shows the levels of Nerlove-Luenberger super-efficiency (1 -β) for the different firms. Note that for the super-efficient firms, the optimal value of β is negative leading to measured super-efficiency levels exceeding unity. Unlike the modified super-efficiency measures (either input or output-oriented), however, the NL measures are not identical for the strongly super-efficient firms. For example, firms D2 and D6 cannot be ranked in order of output-oriented superefficiency although D2 ranks way above D6 in terms of input-oriented super-efficiency. The NerloveLuenberger directional super-efficiency measure clearly ranks D2 higher than D6.
The more important point to note is that the unlike the RL modified super-efficiency measures, the NL directional super-efficiency measures can be easily interpreted. For example, firm D2 could increase all of its inputs and at the same time reduce all of its outputs by about 44.3% without becoming inefficient relative to the other firms in the sample. Firm D6 could similarly scale up its input bundle and scale down its output bundle by 7% and still remain efficient. Their, modified output-oriented super-efficiency rating of 1100% does not mean that they actually produce 11 times what would be minimally required for them to retain an output-oriented technical efficiency of 100%. A different choice of the scale factor β would yield a different super-efficiency rating.
An Application to Airlines Data:
This example considers the performance of 28 international airlines from North America, Europe, and Asia-Australia during the year 1990. The data set is taken from Coelli, Grifell-Tatje, and Perelman Table 3 . Various super-efficiency measures are reported for these firms in Table 4 . For the modified input-oriented problem we set α equal to 39.4. The optimal value of θ equals unity for 3 airlines (LUFTHANSA, AMERICAN, and UNITED). Each of these strongly super-efficient firms is assigned a LR input-oriented super-efficiency score of 39.4. From the entries in the column identified as "LR-inp", we find that 12 other firms (JAL, SAUDIA, SINGAPORE, AUSTRIAN, FINNAIR, SWISSAIR, PORTUGAL, NORTHWEST, PANAM, and TWA) are also super-efficient. Note that while these 13 firms can be ranked in order of super-efficiency, the earlier 3 are all tied at 39.4. For the output-oriented LR the same ranking of these firms. The fact that the directional distance function combines features of both an input-oriented and an output-oriented model, generally leads to a more complete ranking of the observations than either of the oriented models. An added advantage of this approach is that the NL superefficiency measure is unique and does not depend on any arbitrary choice of a scaling parameter.
Conclusion:
A radial DEA models of super-efficiency has no feasible solution if Shephard's input (output) attainability assumption is violated. The method proposed by LR ensures a feasible solution of the appropriately modified problem. However, even under this procedure firms that are strongly super-efficient are all tied at the maximum score. Moreover, the super-efficiency score of these firms depends on the arbitrary choice of the scaling parameter and cannot be interpreted. By contrast, the NL super-efficiency scores obtained from the direction distance function are unique, easily interpreted, and yield a complete ranking of firms in the sample. There are two limitations of this approach, however. First, no feasible solution is obtained if the firm under evaluation has any input at the zero level. Second, when the NL super-efficiency score exceeds 2, the projected point in the input-output space involves negative output quantities.
